Abstract. Let GL(2, H) be the group of invertible 2 × 2 matrices over the division algebra H of quaternions. GL(2, H) acts on the hyperbolic 5-space as the group of orientation-preserving isometries. Using this action we give an algebraic characterization of the dynamical types of the orientation-preserving isometries of the hyperbolic 5-space.
Introduction
Let H n+1 denote the (n + 1)-dimensional hyperbolic space. The conformal boundary of the hyperbolic space is the n-dimensional sphere S n . Let E n denote the n-dimensional euclidean space. We identify S n with the extended euclidean spaceÊ n = E n ∪ {∞}.
Let I o (n + 1) denote the group of orientation-preserving isometries of H n+1 . Classically, one uses the ball model of H n+1 to define the dynamical type of an isometry. In this model an isometry is elliptic if it has a fixed point on the disk. An isometry is parabolic, resp. hyperbolic, if it is not elliptic and has one, resp. two fixed points on the conformal boundary of the hyperbolic space. If in addition to the fixed points one also consider the "rotation-angles" of an isometry, the above classification of the dynamical types can be made finer.
Let S be an orthogonal transformation of E n . The rotation angles of S correspond to each pair of complex conjugate eigenvalues of S. For each pair of complex conjugate eigenvalues {e iθ , e −iθ }, −π ≤ θ ≤ π, θ = 0, we assign a rotation angle to S. If S has k rotation angles, it is called a k-rotation. Now suppose T is an isometry of H n+1 . Then it follows from the description of the conjugacy class of T that one can associate to T an orthogonal transformation A T of E n . For our purpose it is enough to consider the case when n is even, that is the dimension of H n+1 is odd. In this case, by Lefschetz fixed-point theorem, every isometry has a fixed point on S n . Hence the restriction of T to S n can be conjugated to a similarity f T of E n . The orthogonal transformation A T is associated to this similarity f T of E n . With respect to a suitable coordinate system, f T is of the form A T x + b.
We call T a k-rotatory elliptic (resp. k-rotatory parabolic, resp k-rotatory hyperbolic)
if it is elliptic (resp. parabolic, resp. hyperbolic) and A T is a k-rotation. A 0-rotatory parabolic (resp. a 0-rotatory hyperbolic) is called a translation (resp. a stretch). For more details of this classification cf. [9] .
Recall that in dimension 3, the group SL(2, C), or equivalently, GL(2, C) acts as the linear fractional transformations of the boundary sphere S 2 and the dynamical types are characterized by the trace [3] , [18] and 
Under this action GL(2, H) can be identified with the identity component of the full group of Möbius transformations of S 4 . We have proved this fact in section 3. Another proof can be found in [20] . Comparable versions are available in [1] , [6] , [12] , [13] , [19] . The proof we give here is different from the existing proofs and is more geometric.
The group GL(2, H) can be embedded in GL(4, C) as a subgroup. Using this embedding and the representation of the isometries of H 5 as 2 × 2 matrices over the quaternions,
we offer an algebraic characterization of the dynamical types. Our main theorem is the following.
Theorem 1.1. Let f be an orientation-preserving isometry of H 5 . Let f be induced by A in GL(2, H). Let A C be the corresponding element in GL(4, C). Let the characteristic
Then a 0 > 0. Define,
Then we have the following.
(i) A acts as an 2-rotatory hyperbolic if and only if c 1 = c 3 .
(ii) A acts as a 2-rotatory elliptic if and only if
(iii) A acts as an 1-rotatory hyperbolic if and only if
(iv) A acts as a translation if and only if
and A is not a real diagonal matrix. Moreover if the characteristic polynomial of A C is equal to its minimal polynomial, then
A acts as an 1-rotatory parabolic. Otherwise, it acts as an 1-rotatory elliptic.
The theorem is proved in section 6. The action of GL(2, H) onĤ also enables us to determine the conjugacy classes in GL(2, H). The conjugacy classes are classified in section 4. In section 5 we determine the centralizers of elements and the z-classes in GL(2, H). We recall that two elements x and y in a group G are said to be in the same z-class if the corresponding centralizers Z(x) and Z(y) are conjugate in G. From the description of the conjugacy classes we see that there are infinitely many of them in GL(2, H). But it turns out that the number of z-classes is finite. This gives another partition of the isometries into finitely many classes. We compute the precise number of z-classes. Theorem 1.2. There are exactly seven z-classes in GL(2, H).
Thus GL(2, H) provides a special example to the philosophy that was suggested in [14] and was elaborated for linear and affine maps in [15] , and for isometries of pseudoriemannian geometries of constant curvature in [10] .
Much after the announcement [11] of the main result of this paper, I have come to know about the work of Cao [7] , Foreman [8] , and, Parker and Short [17] . These authors also have given some algebraic characterizations of the dynamical types. In all these papers the authors have got the characterization by considering the representation of the isometries in SL(2, H), which is the group GL(2, H) with some "normalization". In our work we have given the algebraic characterization without normalizing the matrices, and hence it is different from the ones obtained by these authors.
Notations. Let K be a division ring. Then K * is the multiplicative group of K, i.e.
is a subgroup of GL(m, K) and consists of all upper-triangular matrices with 1 on the diagonal. For a group G, by P G we denote the group G/Z(G), where Z(G) is the center of G.
Preliminaries
2.1. Dynamical types in hyperbolic and Euclidean geometry. Let O(n) denote the orthogonal group of E n , i.e. O(n) is the group of isometries of the positive-definite quadratic form on E n . To each similarity f of E n , there is an associated semisimple transformation which belongs to the compact group O(n). In fact after choosing a coordinate system, one can write f as
Note that f is not an isometry of E n if and only if r = 1.
For each pair of complex conjugate eigenvalues {e iθ , e −iθ }, 0 < θ ≤ π, of A, we assign a rotation angle to f . An orientation-preserving similarity of E n is called a k-rotatory elliptic (resp. parabolic) if it is an isometry of E n and has k-rotation angles and a fixed point (resp. no fixed point) on E n . An orientation-preserving similarity is called a k-rotatory hyperbolic if it has k-rotation angles and is not an isometry of E n .
Let S + (n) denote the group of all orientation-preserving similarities of E n . Consider the ball model of H n+1 , and identify its conformal boundary withÊ n = E n ∪ {∞}. When n = 2m, by Lefschetz fixed point theorem we see that every isometry of H 2m+1 has a fixed point on the conformal boundary. Up to conjugation we can choose the fixed point to be ∞. It follows that the restriction of any element f of I o (2m + 1) to the conformal boundary is conjugate to an element s f of S + (2m). Also, by Poincaré extension every element g of S + (2m) can be extended uniquely to an isometryg of H 2m+1 . Further, f and s f have the same number of non-zero rotation-angles. Hence corresponding to each conjugacy class of I o (2m + 1) we have a conjugacy class in S + (2m) so that they are represented by the same element and vice versa. This gives us the following.
The dynamical types of orientation-preserving isometries of H 2m+1 are in bijective typepreserving correspondence with the dynamical types of orientation-preserving similarities of E 2m .
This allows us to identify the dynamical types of orientation-preserving isometries of H 5 and the dynamical types of orientation-preserving similarities of E 4 .
2.2.
Review of Quaternions. The space of all quaternions H is the four dimensional real algebra with basis {1, i, j, k} and multiplication rules i
We choose C to be the subspace of H spanned by {1, i}. With respect to this choice of C we can write, H = C ⊕ Cj. That is, every element a in H can be uniquely expressed as a = c 0 + c 1 j, where c 0 , c 1 are complex numbers. Similarly we can also write H = C ⊕ jC. Proposition 2.4. The group GL(2, H) can be embedded in the group GL(4, C).
Then we can write A = A 0 + jA 1 , where
It is easy to verify that p is an injective homomorphism and maps GL(2, H) into GL(4, C).
Remark 2.5. For more details of the proof of the above proposition cf. [2] section-3, [16] section-2. It is necessary to put j on the left. In order to see this observe
and so A does not act on the left complex linearly on (z 0 , w 0 , z 1 , w 1 ) t .
We call V a right vector space over H, if V is an additive group and for v in V, λ in H, the scalar multiplication v.λ is defined on the right. Now consider H 2 as a right vector-space over H. Let P 1 (H) be the projective space over the quaternions. That is, We can identify P 1 (H) with the extended quaternionic spaceĤ = H ∪ ∞ by the map:
The group GL(2, H) acts on H 2 on the left by the following action:
This induces the action of GL(2, H) on P 1 (H) as the group of quaternionic linear-fractional
where
with the boundary sphere S 4 of H 5 , where H is identified with R 4 .
The above action enables us to give a geometric proof of the following proposition regarding eigenvalues of elements in GL(2, H).
Definition 2.6. Let A be an element in GL(2, H). An element λ of H is said to be a right eigenvalue of A if Av = vλ for some non-zero v in H 2 .
Proposition 2.7. Every matrix in GL(2, H) has a right eigenvalue.
Proof. Let A be an element in GL(2, H). LetÂ be the linear fractional transformation of P 1 (H) induced by A. By Lefschetz fixed-point theorem,Â has a fixed point on the projective space. The fixed points ofÂ correspond to A-invariant one dimensional right subspaces in H 2 . This completes the proof.
The referee kindly pointed out that an easier proof of the above result can be found in H) .
. In quaternionic expression, the inversion in a sphere S a,r = {Z : |Z − a| = r} is given by
Since, σ a,r (Z) = a + r 2 (Z −ā) = (aZ − aā + r 2 )(Z −ā) −1 , hence σ a,r is an element in G. The reflections in hyperplanes of H can be written in the form
Since, r λ,a (Z) = (−λZ +λā+aλ)(λ) −1 , hence r λ,a is an element in G. Thus every inversion in a 3-sphere of S 4 is contained in the group G. Hence M(4) ⊂ G.
Now we shall show the reverse inclusion. The Euclidean similarities form a subgroup S(4) of G. In quaternionic expression,
For P in H, let M + (4) P be the stabilizer subgroup of M + (4) at P . When P = ∞ we have
Consider the transformations:
(i) the stretches Z → rZ, r > 0, r = 1,
(ii) the translations Z → Z + a, (iii) the transformations Z → λZ, |λ| = 1, and
It is easy to see that the stretches can be expressed as a product of two inversions and the transformations of the type (ii), (iii) and (iv) can be expressed as a product of two reflections in hyperplanes. Since S + (4) is generated by the transformations describe above, every element in S + (4) can be expressed as a product of inversions. Hence S + (4) ⊂ M(4).
Note that the translations are transitive on H and the map g : Z →Z −1 carries ∞ to 0. This shows that the group M(4) acts transitively onĤ. Hence for all P ∈Ĥ, there exists f ∈ M(4) such that f (∞) = P , and moreover,
Since every element of M + (4) has a fixed point onĤ, we
Since the group G is generated by M + (4) and the map g :
This completes the proof.
Note that the group M(4) acts as the full group of isometries of H 5 . In particular we have Corollary 3.2. The group GL(2, H) acts as the group of orientation-preserving isometries of H 5 . In fact, the group of orientation-preserving isometries of H 5 is isomorphic to P GL(2, H).
Proof. Recall that, P GL(2, H) = GL(2, H)/{λI : λ ∈ R * }. Hence the result follows.
Conjugacy classes in GL(2, H)
Theorem 4.1. The conjugacy classes in GL(2, H) are represented by
Proof. Consider H as the two-dimensional left vector-space over C with basis {1, j}, i.e.
we take H = C ⊕ Cj. We identifyĤ with the boundary sphere of Now consider a matrix U as above.
Case (i). Suppose r = s , θ = φ. Then the induced Möbius transformation by U is
We write Z = z + wj, b = b 0 + b 1 j. Then we have,
where, c 0 = {e
That is, gf g −1 (X) = e iθ Xe −iφ . Hence lifting g in GL(2, H) we see that the matrix U is
Case (ii). Let r = s. That is, U induces the transformation
It is easy to see that
Hence the matrix U is conjugate to
Case (iii). Let r = s, θ = φ. In this case U acts as τ : Z → e iθ Ze −iθ + b. We see that
Otherwise, τ 1 is conjugate to τ 0,θ : W → e iθ W e −iθ . Thus τ is conjugate to either τ θ or τ 0,θ . This implies that any matrix Proof. Since the characteristic polynomial is a conjugacy invariant for any matrix, the corollary follows by embedding the conjugacy class representatives of GL(2, H) into GL(4, C).
Remark 4.3. From the action of the conjugacy class representatives onĤ it is clear that an element A in GL(2, H) acts as a (i) 2-rotatory (resp. 1-rotatory) elliptic if it is conjugate to D r,θ,φ , θ = φ (resp. θ = φ = 0, π), (ii) A acts as 2-rotatory hyperbolic, 1-rotatory hyperbolic or a stretch if it is conjugate to D r,s,θ,φ , and θ = φ, θ = φ = 0, or θ = φ = 0, π respectively, (iii) A acts as a 1-rotatory parabolic or a translation if it is conjugate to T r,θ , and θ = 0 or θ = 0, π respectively.
Centralizers, and the z-classes in GL(2, H)
We now compute the centralizers of each conjugacy class representative. First consider,
Then the relation AT = T A yields the following four equations:
From (ii) it follows at once that c ∈ Z(re iθ ). If c = 0, then (i) yields,
Equating the real parts on both sides we get 1 = 0, which is impossible. Hence we must have c = 0. Thus, a, d are also in Z(re iθ ). Now (iii) yields,
Note that d − a is in Z(re iθ ). Hence we must have d = a. This follows by using similar arguments as above. Thus This shows that
Now note that
where ⋊ denotes the semi-direct product. 
Case (i). r = s, or θ = φ. In this case,
From the description of the centralizers of the conjugacy class representatives, it is clear that there are exactly seven z-classes in GL(2, H). We list the z-class representatives in the following.
where λ, µ are elements in C − R.
This completes the proof of Theorem 1.2.
6. Proof of Theorem 1.1
From the embedded images of the conjugacy class representatives it follows that a 0 > 0.
Observe that c 1 , c 2 , c 3 are conjugacy invariants in GL(2, H), as well as in P GL(2, H).
Hence we can choose them as the conjugacy invariants for an isometry of H 5 . Now there are several cases.
We have, c 1 = (cos θ + cos φ) 2 = c 3 , c 2 = 2(1 + 2 cos θ cos φ).
There are the following possibilities.
A acts as an 1-rotatory elliptic, then θ = φ. So
Also observe that in this case,
A acts as a 2-rotatory elliptic, that is, θ = φ. In this case
To have the equality (6.1) we must have the bracket term zero in expression (6.3). This is possible only when θ = φ. Hence, if θ = φ, we must have (cos θ − cos φ) 2 > 0 and hence
Case (ii). f is parabolic. Then A is conjugate to a matrix
In this case,
i.e., a 3 = 2r cos θ, a 1 = 2r 3 cos θ, a 2 = 2r 2 (2 cos 2 θ + 1), a 0 = r 4 .
Thus c 1 = 4 cos 2 θ = c 3 and it follows immediately that (6.4)
Note that when θ = 0,
If A is a translation, then c 1 = 4, c 2 = 6, and we must have A = rI for r real. If A = rI, then it acts as the identity map. 
After expanding the right-hand expression we have χ(A C ) =
i.e. a 3 = r cos θ + s cos φ, a 2 = r 2 + s 2 + 4rs cos θ cos φ,
Thus, In this case the isometries are classified as follows.
If A is an 1-rotatory elliptic or an 1-rotatory parabolic, then for r > 0 and θ = 0, A is conjugate to D r,θ,θ or T r,θ respectively. Hence, in both cases, we have, χ(A C ) = (x 2 − 2r cos θ x + r 2 ) 2 .
If A acts as an 1-rotatory elliptic, then the minimal polynomial of A C is given by m 1 (A C ) = x 2 − 2r cos θ x + r 2 = x 2 − (det A C c This completes the proof of Theorem 1.1. 
